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Abstract 
Dynamic analysis of structures with large number of joints is computationally intensive due to non-linear nature and 
large degrees-of-freedom of the problem. This paper demonstrates that reduced order models provide a good 
approximation that is computationally much more efficient. Dynamic analysis of bolted lap joints under multi-
harmonic shear loading has been carried out using both detailed, non-linear, finite element models and reduced-order 
models. Micro-slip in bolted joints and the resulting energy dissipation is modeled using the Columb friction model. 
The models are subjected to both harmonic and multi-harmonic excitation, with frequencies above and below the 
natural frequency of the system. Reduced-order models are obtained by applying Proper Orthogonal Decomposition 
to the results of full solution. The reduced models are able to calculate both the slip and the energy dissipated without 
significant loss of accuracy. 
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1. INTRODUCTION
The primary source of vibration damping in structures is often just the frictional damping of interfaces 
associated with mechanical joints. Engineers have endeavored to make use of this frictional damping in 
vibration suppression. However, efficient utilization of damping from mechanical joints requires an 
efficacious predictive model of the joints. Dynamic analysis of structures having large number of joints is 
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a computationally intensive problem due to both the non-linear nature and large size (degrees of freedom) 
of the model. There is a need to develop reduced order models that provide results of acceptable accuracy 
within a reasonable time.  
The mechanics of interfaces of built-up structures most closely resemble those of bolted lap joints. These 
configurations involve normal compressive loads holding together overlapping components subjected to 
dynamic lateral loads exciting some level of shear slip. Considering the motion at the interface of 
components, two distinct regions can be identified: the stick region and the slip region. 
 
Points on the interface subjected to a force less than the limiting frictional force will comprise a static 
friction region called ‘stick region’. The positions where the loading overcomes the static friction force, 
the points will start moving and form the ‘slip region’. As the magnitude and direction of applied force 
changes, these regions change in extent. At a given point, the motion is governed by a static friction force 
in the stick phase and a velocity-dependent kinetic friction force in the slip phase. Segalman (2006) 
describes stick-slip vibrations as follows: when the direction of loading is reversed, the contact area 
instantaneously goes entirely into the ‘stuck’ mode. As magnitude of the reverse load increases, the static 
friction force is overcome by the axial load so the slip zone appears and grows inward from the edge of 
the contact area. The frictional energy dissipation that takes place in the slip zone is responsible for the 
vibration damping attributed to the joints. 
2. PROBLEM STATEMENT 
Analysis of the dynamics of shear lap bolted joints is a highly nonlinear and computationally intensive 
problem. Jointed structures, especially in space applications, have a large number of bolted joints, each 
displaying the complex nonlinear behavior described above. The nonlinear Finite Element models with 
large degrees of freedom used to solve such problems require heavy computational resources. The 
problem becomes even more severe when the dynamic axial excitation is multi-harmonic because there 
are more load reversals hence more transitions between model states (e.g. slip to stick) and much 
computational time is required to investigate energy dissipation per cycle.  Effort has, therefore, been 
made to reduce the size of the model in order to save computational time and memory storage of 
computer devices. Khattak (2006) has proposed a method based on Proper Orthogonal Decomposition for 
this problem. In this work, the model developed by Khattak is extended to dynamic analysis of bolted 
joints subjected to multi-harmonic excitation.  
2.1. Proper Orthogonal Decomposition 
Proper orthogonal decomposition (POD), also known as Karhunen-Loeve decomposition, is emerging as 
a useful experimental tool in dynamics and vibration. The method is a means of extracting spatial 
information from a set of time-series data available on a domain. Feeny and Kappagantu (1998) explain 
POD as follows: Application of POD to structures typically requires the sensed displacements of a 
dynamical system at n locations. These displacements are labeled ).(),....,(),( 21 tututu n  When the 
displacements are sampled p times, one can form displacement history as a p x n ensemble matrix, u, with 
uij representing the displacement of node j at time i. The n x n correlation matrix   uuTpR /1  is then 
formed.  
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Figure 1:  Sample system (a) actual isolated joint and (b) its simplified model. 
Since R is real and symmetric, its eigenvectors form an orthogonal basis. The eigenvectors of R are the 
proper orthogonal modes and the eigenvalues are the proper orthogonal values. The use of POD to 
reconstruct the system dynamics using a lower order model is of great value in non-linear settings where 
traditional linear techniques such as modal testing and power spectrum analyses cannot be applied. 
3. Methodology 
3.1. System description 
We consider a simple shear lap bolted joint subjected to harmonic or multi-harmonic shear forces. The 
joint consist of two similar plates clamped together with a number of bolts causing a specified clamping 
pressure as shown in Figure 1(a).  
3.2. Model 
The simplified representation of the joint for analysis purpose comprises a deformable plate pressed 
against a rigid surface as suggested by Khattak (2006) and shown in Figure 1(b). The midpoint of the 
joint is selected as a reference point and a zero imposed displacement is assigned to it. A uniform pressure 
P is applied to the plate normal to the axial direction. It is assumed that the joint will not undergo macro-
slip and only a fraction of the joint (the active length) will be subjected to micro-slip.  
3.3. Discretization 
The system is modeled with the finite element method. One dimensional line elements having consistent 
stiffness and mass matrix formulation are adopted to model the structure. The number of elements is 
selected to be around 100 on the basis of a mesh sensitivity study. 
3.4. Equations 
The dynamics of the structure can be represented by following system of equations [2]. 
fn ffffKuuCuM   )( 21                                                                                         (1) 
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where M is the mass matrix, C the viscous damping matrix, and K the stiffness matrix.  
C is employed to add slight proportional damping and is taken as 10-5K.  
f1, f2, etc. are components of the applied multi-harmonic force vector. The frequency range of the applied 
loading was defined as per MIL-STD-810F (2000). The range is between the lowest and highest 
frequencies at which the materiel may be effectively excited by mechanical vibration. 
The nonlinear Coulomb friction force vector ff is actually signum function of velocity:  
Nkf fuf P)sgn(                                                                                                                                 (2) 
However, following Leine et al. [5], it is represented here by the inverse tangent function to avoid a 




ª  )(tan2 1 uff Nof ES
P                                                                                                                    (3)
Here, Po is the coefficient of friction with the assumption that static and kinetic friction coefficients are 
the same, fN is the normal force per node, u is the vector of relative velocity between the rigid surface and 
the contacting nodes and ȕ is a constant. 
3.5. Energy dissipation 
The steady-state energy dissipation in the joint region per cycle is the sum of energy dissipated at each 
node due to friction. The total energy dissipated due to friction in the joint is calculated by 








nff SfEE 1 1
)()( P                                                                                                        (4) 
Here Ef is the total energy dissipated in the joint, 
)(i
nfE  is the nodal dissipated energy at i-th node due to 
friction, Nf  is the normal force per node, 0P  is the friction coefficient, and )(iS  is the distance traveled 
by i-th node per cycle of the complex wave of displacement time history. 
4. Load cases 
A plate made of steel and 600mmx50mmx10 mm in size was considered. The normal force acting on the 
plate is 750 kN and the coefficient of friction is taken to be 0.7. The first resonant frequency of the plate 
is 4218 Hz.  
5. Model reduction 
Consider a system where measurements of n state variables (e.g. displacements at n nodes from 
simulation in full space) are available at p instants of time. Arrange these p sets of n simultaneous 
measurements in a p × n matrix u, such that element iju  is the displacement of the jth node at the ith time 
instant. 
The Singular value decomposition (SVD) of the matrix u, is of the form  
¦ pxn Tnxnpxppxn VUu                                                                                                                              (5) 
where U is a (p × p) orthogonal matrix, V is an (n × n) orthogonal matrix, and  is a (p × n) diagonal 
matrix. The diagonal elements ¦ii consist of r = min (p, n) nonnegative numbers, which are arranged 
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in decreasing order, i.e. 0...21 tttt r .These are called the singular values or proper values (PVs) of u 
and are unique. The columns of V are the proper orthogonal modes (POMs). 
For any k < r, the matrix ¦k  obtained by setting 0...21      rkk  in  can be used to calculate an 
optimal rank k approximation to u, given by 
¦ pxk Tkxkpxppxk VUu ,1                                                                                                                            (6) 
where k << n. 
Once the k x k transformation matrix, V1, is chosen, it is easy to transform the system of equations (1) by 
substituting uVu c 1  and pre-multiplying by
TV1 :
fn ffffuKuCuM cccc cccccc )( 21                                                                                    (7) 
where  11 VV
T KK  c , 11 VV
T CC  c , 11 VV
T MM  c , and 
111 ff
TV c  , 212 ff
TV c , n
T
n V ff 1 c , f
T
f V ff 1 c  
 
Table 1: Load cases 
Case 
First excitation force Second excitation force Third excitation force 
Mag.  (kN) Freq  (Hz) Mag.  (kN) Freq  (Hz)  Mag. (kN) Freq (Hz) 
1.1 262.5 1000 - - - - 
1.2 262.5 3000 - - - - 
1.3 131.25 1000 131.25 3000 - - 
2.1 262.5 5000 - - - - 
2.3 131.25 1000 131.25 5000 - - 
3 87.5 500 175 700 262.5 1000 
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A reasonable value of k is normally selected based on the cumulative sum of the PVs. In this analysis 
the first five POMs are selected to reduce the system of equations because the sum of the first five PVs is 
more than 99% of the sum of all PVs. The system thus reduced using the displacement POMs can 
reproduce the displacement time history quite well but, in the case of joint dynamics, the time history of 
velocity is required for the determination of the nodal friction forces. Some investigation showed that, 
fortunately, displacement POMs can simulate the time history of the nodal velocities very well. In 
principle, the selection of a particular state variable for the determination of the POMs should be based on 
the accuracy required in the values of that state variable. 
6. Results and discussion 
In order to ascertain the accuracy of the reduced model, several load cases were solved with different 
magnitudes, frequencies, and number of harmonics for the applied force (see Table 1). In each case, the 
total applied force is 50% of the frictional limit, i.e., half the nodes are in active zone. 
The first five POMs were used to prepare the reduced model and results compared with the full model. 
Table 2 compares the maximum deflection and energy dissipated per cycle for full and reduced models.  
Plots of displacement time history of the node at the free end of the joint are given in Fig. 2 for 
comparison of the full model (solid line) and reduced model (dashed line). 
As seen from Table 2, as well Fig. 2, there is very little difference in the maximum displacement 
calculated by the two models. However, significant difference is observed in the energy dissipated per 
cycle, especially when high frequency excitation is applied. The last two columns in Table 2 show energy 
dissipation results for model of 15 equations (rather than five). It can be seen that the error in energy 
dissipation is significantly reduced for this ‘improved’ model. 
 
        
                                       (a)                                                                                   (b) 
         
                                        (c)                                                                                  (d) 
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                                        (e)                                                                                   (f) 
Fig. 2: Comparison of nodal displacement time histories of full solution (solid line) and reduced solution (dotted line) at the free end 
of the joint. (a) Case 1.1, (b) Case 1.2, (c) Case 1.3, (d) Case 2.1, (e) Case 2.3, and (f) Case 3. (Curves overlap in most cases). 
7. Conclusions 
This paper presents results of dynamic analysis of bolted lap joints under multi-harmonic shear loading 
using both detailed, non-linear, finite element models and reduced-order models. Micro-slip 
Table 2   Comparison of results of full model and reduced model 
Case 
No. 
Max. Nodal Displacement (m) Energy Dissipation / cycle ( joule) 





1.1 0.00019701 0.00019708 0.034 50.233 51.94 3.397 50.409 0.349
1.2 0.00023122 0.00023106 0.068 68.97 70.045 1.558 68.991 0.029
1.3 0.00012179 0.00012301 1.006 28.786 31.274 8.712 28.811 0.149
2.1 0.00031072 0.00030285 2.531 141.87 137.09 3.365 140.91 0.672
2.3 0.00022385 0.00022537 0.681 77.252 83.091 7.557 78.697 1.870
3 0.00073051 0.00072698 0.483 1060.3 1090.2 2.828   
 
in bolted joints and the resulting energy dissipation is modeled using the Columb friction model. 
Reduced-order models are obtained by applying Proper Orthogonal Decomposition to the non-linear 
dynamic system equations derived by Finite Element Method. The models are subjected to both harmonic 
and multi-harmonic excitation, with frequencies above and below the natural frequency of the system. 
It is demonstrated that Proper Orthogonal Decomposition is an effective method of obtaining reduced-
order models that are accurate and at the same time computationally much less intensive. The reduced 
models are able to calculate both the slip and the energy dissipated without significant loss of accuracy. 
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